Gravitational perturbation of the BTZ black hole induced by test particles 
and weak cosmic censorship in AdS spacetime 
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We analyze the gravitational perturbations induced by particles falling into a three dimensional, 
asymptotically AdS black hole geometry. More specifically, we solve the linearized perturbation 
equations obtained from the geodesic motion of a ring-like distribution of test particles in the BTZ 
background. This setup ensures that the (7(1) symmetry of the background is preserved. The 
non-asymptotic flatness of the background raises difficulties in attributing the significance of energy 
and angular momentum to the conserved quantities of the test particles. This issue is well known 
but, to the best of our knowledge, has never been addressed in the literature. We confirm that the 
naive expressions for energy and angular momentum are the correct definitions. Finally, we put 
an asymptotically AdS version of the weak cosmic censorship to a test: by attempting to overspin 
the BTZ black hole with test particles it is found that the black hole cannot be spun-up past its 
extremal limit. 

PACS numbers: 04.70.Bw, 04.20.Dw 



> 

m 
O 



X 



I. INTRODUCTION 

The cosmic censorship conjecture has been proposed 
by Penrose [1] in 1969 and despite its relatively long life- 
time it remains one of the outstanding unresolved issues 
in classical general relativity. The idea of a cosmic cen- 
sor was put forward to prevent curvature singularities to 
be noticeable to distant observers. Such an occurrence, 
termed naked singularity, would signal the break-down 
of predictability within the theory. We shall be con- 
cerned only with the weak cosmic censorship conjecture 
(wCCC), which forbids the appearance of naked singu- 
larities as the endpoint of a generic gravitational collapse 
of physically acceptable matter starting off in a regular 
initial state. A somewhat moreprecise formulation of the 
wCCC has been given in Ref. 

A notable attempt to destroy a black hole (BH) was en- 
visaged by Wald in 1974 The simplest such thought 
experiment consisted in throwing a point particle at a 
Kerr black hole, with large enough angular momentum 
to spin up the black hole. The Kerr solution possesses 
an event horizon only when its angular momentum is 
bounded by its mass as J < M^. Therefore, if it were 
possible for the BH to absorb particles with sufficiently 
high angular momenta, then one might exceed the Kerr 
bound, thus creating a naked singularity. However, the 
wCCC is unharmed by this test as the potentially dan- 
gerous particles are simply not captured by the black 
hole [3]. 

Following Wald's seminal work, many other attempts 
have been made to violate the wCCC [3-01 (see also Q 
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and references therein). Among the cases studied, those 
that succeeded in producing naked singularities either (i) 
neglected back-reaction or (ii) relied on the assumption of 
a high degree of symmetry throughout the gravitational 
evolution of the system. Back-reaction effects have been 
argued to invalidate the analyses belonging to class (i) [1, 
(§1, whereas the studies pertaining to class (ii) do not 
correspond to generic situations. 

Recently, Wald's analysis has been generalized to a 
multitude of higher dimensional spacetimes fl^ , more 
specifically the Myers-Perry I 111 black holes and both 
neutral and dipole black rings [isj in five dimensions. 
In all situations the findings were the same: none of the 
black holes considered were ever overspun. A seemingly 
different problem, but in the same spirit, has been stud- 
ied in [14l | where the authors attempted to speed up an 
infinite rigidly rotating dust cylinder by throwing in test 
particles. Above a critical value of the rotation param- 
eter the spacetime develops closed timelike curves and 
the impossibility of overspinning the system beyond this 
point was proven. 

In this article we follow a program analogous to Wald's 
process in anti-de Sitter (AdS) backgrounds. More pre- 
cisely, we test an AdS version of the wCCC with the 
Baiiados-Teitelboim-ZaneUi (BTZ) black hole In ef- 
fect, the formulation of the wCCC presented in Q ex- 
cludes the case of black holes in AdS simply because 
the notion of distant observers in non-asymptotically flat 
spacetimes is not well defined. However, one might ques- 
tion whether this assumption is necessary to prevent the 
overspinning of black hole geometries. Another motiva- 
tion comes from AdS/CFT: black holes in AdS rotating 
above the extremal limit map to some state on the bound- 
ary theory rotating at a speed greater than light [l6j . 
Therefore, one should be distrustful about any physical 
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process which would result in the overspinning of a black 
hole in AdS. 

We thus propose to investigate the problem of spin- 
ning up a rotating black hole in AdS with test parti- 
cles. The setting for our analysis shares some similarities 
with a previous study [17]. However, a crucial issue was 
left unanswered: how does one define energy and angular 
momentum of the test particles? A rotating stationary 
spacetime specified by a metric tensor g^^ possesses both 
timelike and rotational Killing vectors, from which we 
can build two conserved quantities. 



L ^ g^,{dld<l>rz^ = ^ 



5*0 + 94>4>~^ 



(1) 
(2) 



where z^(r) = (r(T), i?(T), $(t)) stands for the particle 
coordinates and the dot indicates derivation with respect 
to proper time r. In an asymptotically flat spacetime 
these would correspond to the energy and angular mo- 
mentum of the test particles. However, in asymptotically 
AdS geometries this identification cannot be immediately 
made. Of course, this issue has been known for many 
decades but, to the best of our knowledge, has never 
been addressed in the literature. One of the main points 
of this article is to show that E and L given above are 
indeed the correct expressions. 

The strategy we will follow to identify the conserved 
quantities is to consider linear perturbations induced by 
test particles. This was first done by Zerilli |l8| for the 
Schwarzschild solution, building on the seminal work by 
Regge and Wheeler [l9|. The presence of such test 
particles in the geometry will produce a variation (at 
the linear level) of the mass and angular momentum 
of the black hole which defines the background. We 
then read off E and L from these variations. Refer- 
ences [3, [l^ rely heavily on the high degree of sym- 
metry of the Schwarzschild black hole. Of course, once 
one considers rotating black holes the amount of sym- 
metry gets reduced and the problem becomes technically 
less tractable. The only exception occurs in three space- 
time dimensions and this is the reason why we consider 
the BTZ black hole. Furthermore, to preserve the rota- 
tional symmetry of the background we will perturb the 
geometry, not with a point particle but with a circular 
homogeneous distribution of test particles. This amounts 
to keeping only the zero- modes in our analysis, i.e., we 
shall consider metric perturbations independent of the 
angular coordinate </>. 

The plan of the paper is as follows. In Sec. |lT] the 
general form of the linearized perturbation equations for 
asymptotically AdS spacetimes is given and the stress- 
energy tensor describing the infall of a ring-like distribu- 
tion of test particles in the BTZ geometry is obtained. 
The gravitational perturbation equations are then solved 
in Sec. IIIII The result of this calculation allows us to 
identify the energy and angular momentum of the test 
particles. Finally, in Sec. IIVI it is shown that the BTZ 



black hole cannot be overspun by throwing in test par- 
ticles. The issues concerning gauge transformations are 
relegated to the Appendix. 



II. PRELIMINARIES 



A. Gravitational perturbations of asymptotically 
AdS solutions 



Consider a small perturbation /i^^ of a background 
metric g^^-, 



(3) 



We assume the background metric is a solution of the 
sourceless cosmological Einstein equations in D space- 
time dimensions, 



D - 2 
Gfj,u H -z — Ag^^ = , 



(4) 



where G^j^ = R^i, ~ ^gf^^R denotes the Einstein tensor 
and A = ~{D ~ is the (negative) cosmological con- 
stant. Then, the linearized perturbation equations read 
as follows [20]: 

25G^,u = -V^/i^^ -f 2V^V(^/i„)A - V^V^/i 

+ g^.t.hc^pR''^ + {D- 2)Kh^, = WttGnT,,, , (5) 

where the covariant derivatives are taken with respect 
to the background metric and h = g'^'^h^i, denotes the 
trace of the metric perturbation. Tf^y is the stress-energy 
tensor of the test particles that will drive the perturba- 
tion. By virtue of the Bianchi identity, the stress-energy 
tensor must be divergenceless to ensure consistency of 
Eqs. ([5]). This occurs if and only if the source particles 
follow geodesies. 

In the remainder of the manuscript we shall particu- 
larize to £) = 3. 



B. The BTZ black hole 

The BTZ solution [l^ describes an asymptotically 
anti-de Sitter rotating black hole in Z) = 3 spacetime 
dimensions. The spacetime is defined by the line element 

ds^ = -N^dt^ + N-^dr"^ + {N'^dt + dcjjf , (6) 
with lapse (squared) and shift 

Here, M and J are the total mass and angular momen- 
tum of the spacetime, and I (> 0) is the anti-de Sitter 
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radius. The spacetime has a Cauchy and an event hori- 
zon at 



24 



Af 1± a/1 



J2 



(8) 



Therefore, the existence of an event horizon imposes a 
bound on the angular momentum J, such that 



|J| < Ml. 



C. The stress-energy tensor 



(9) 



For a single test particle of rest-mass toq the stress- 
energy tensor is given by 



Too 



/ <5(3)(2;-z(r))^^dT 
J dr dr 

dT dzt' dz"" 5{r - R{t)) 



dr dt dt 



5{^^m). (10) 



where r denotes proper time along the world line z^{t). 

As mentioned before, we will perturb the BTZ space- 
time with test particles homogeneously distributed along 
a "ring" . The stress-energy tensor is then 



T^'^ = Too 



dT dzt' dz" <5(r - R.{t)) 
dr dt dt r 



(11) 



and the quantity toq may be viewed as the mass density 
of the ring. 

The components of the stress-energy tensor may be 
expressed as follows: 



Ttt 

Ttr 
Ttcf, 

T 



— —TJIqE 

— — TOq-B 



9tt + gtr 



5{r - R{t)) 



dt 

dR 5{r - R{t)) 
'~dt r 



d<^' 

9t4, + 9<f><f>-^ 



S{r ~ R{t)) 



S{r R{t)) 



r 



dT 2 fdRY d{r~R{t)) 
r 



= moLg, 
Tchch — moL 



dR 5{r - R{t)) 



dt 



9t4, + 9<P<P' 



dt 



Sir - i?(t)) 



(12) 



perturbation so that we can choose it to take the follow- 
ing form: 



A{t,r) W{t,r) 

B{t,r)/N^ 
W{t,r) 



(13) 



With this choice of gauge, the trace of the metric pertur- 
bation becomes 

, , _ -A{t,r) + B{t,r) + 2N*W{t,r) 

h = H{t, r) = — . (14) 

Given the stress-energy tensor (fT2|) . the {ir} and 
{rcf)} components of the linearized cosmological Einstein 
Eq. (O become 



dt {-r^{N'l'fH + B- rdriN'f'W)} 

dRS{r - R{t)) 



= —K ITLqE- 



W 



dt 



rN^ 



K rrioL 



dRS{r - R{t)) 



dt 



(15) 



(16) 



where we have defined k = 16ttGn for convenience. Per- 
forming the time integration one obtains 

- r^(N'^ fH + B- rdr{N'''W) = KmoEQ{r - R{t)) , 

(17) 

-nmoLQir ~ R{t)) , (18) 



where Q represents the Heaviside step function. Multi- 
plying (IT^ by N'^ and subtracting from (fT7| immediately 
yields 

B{t,r) ^ Kmo{E + N'''L)e{r ~ R{t)) . (19) 

Now consider the following linear combinations of the 
components of Eq. ([5]): {tt} - N'l'{t(t)} and {tcj)} - 
N'f' {(jxp} . The resulting equations are 



dr {-r^iN't'fH + B- rdriN't'W)} 



= K moE S(r - R(t)) , (20) 

r 



W 



N 



= -KmoL 5{r-R{t)), (21) 



III. LINEARIZED PERTURBATION 
EQUATIONS FOR BTZ 

As shown in the Appendix, the existing gauge freedom 
allows us to eliminate several components of the metric 



It is easy to see that after a radial integration these equa- 
tions yield precisely the same solutions p7)) and p8)) as 
above. 

There remain two equations out of the linearized Ein- 
stein equations to be analyzed, which we may choose to 
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be the {rr} and {4>(j)} components. However, the six 
equations are not ah independent: setting the divergence 
of both sides of Eq. ([5]) to zero allows one to express the 
component in terms of the other linear combina- 
tions we are considering (and derivatives thereof). This 
leaves us with just one more independent equation to 
consider, namely the {rr} component: 



2 w ^ a A dT (dR 

— — -H T^OrA — nrrif) — 

PN^ rN^ ' dT \ dt 



d{r~R{t)) 



Multiplying the above by riV^ and subtracting Eq. 
times 2N'>'/r yields 



(22) 



N^drH - drB 



K mo 



dT 
d7 



dR 



Sir - R{t)) 2N'I' 



LQ{r-R{t)) 



(23) 



By replacing the solution for B{t,r) previously found 
in it can be verified that drli oc 6{r — R{t)). There- 
fore, an integration in r results in H{t, r) being a function 
of time only, for r > R{t). More specifically, one obtains 



H{t, r)^ K moF{t)e{r - R{t)) , 
where we have defined 

F(t) + ' ^ 



(24) 



iV2 



E + N't'L 



r=R.{t) 



(25) 

Here, the quantity e arises from a term proportional to 
see Eq. ^ below. 
We can now insert (IM)) back into ([TS]) to find that 



W{t,r) 



-K mo—Q{r 



m) 



JF{t) 



R{tf 



Now, putting together Eqs. 
immediately gives 



Kmoe(r - R{t)) 

(26) 

11, (HI, m, and m, 



L JF{t)\ 
2 4/ 



A{t, r) ^ K maEeir - R{t)) + k moQ^r - R{t)) 

J fL JF{t)\ 



M 



Fit) 



(27) 



Finally, evoking the results from the Appendix, we can 
eliminate the terms inside square brackets in Eqs. (j26p 
and (|27)) simultaneously by making a residual gauge 
transformation. This same gauge transformation sets 
iJ(i, r) — 0, in agreement with Eq. (ITil) . 

Hence, the solution for the metric perturbation can be 
cast into the form (|13l) with the non-vanishing compo- 
nents given by 

A{t,r) ^ nmoEQir - R{t)) , 



Wit,r) = -Kmo^eir-R{t)), 
B(t, r) — K mo {E + N'''L)e{r-R{t)) 



(28) 



The result we have obtained for the linearized perturba- 
tion agrees with our expectations: referring to Eq. ([5]) 
we conclude that the perturbation imparted by the circu- 
lar distribution of test particles vanishes inside the ring 
and corresponds simply to shifting the charges of the BTZ 
black hole in the outer region, 

M M + SM , J ^ J + SJ . (29) 

The precise values we have found for the shifts. 



6M = IGnGNmoE, 



SJ ^ IGnGNmoL , (30) 



justify the naive identification of mgE and moL, as ex- 
pressed in Eqs. ^ and ([2]), with the energy and angular 
momentum of the test particles. As usual, for massive 
particles E and L may be interpreted as energy and an- 
gular momentum per unit mass. 



IV. SPINNING-UP THE BTZ BLACK HOLE BY 
THROWING POINT PARTICLES 

From the above, we now know how to relate physi- 
cal mass and angular momentum of an infalling particle 
to its conserved quantities. Let us try to spin-up a BTZ 
black hole with mass Mq and angular momentum Jq . For 
that, we throw in a particle of mass mo with angular mo- 
mentum 5J = mgL and energy SM = moE. According 
to the extremality bound © the dimensionless spin of 
the BH must satisfy |jo| = Jo/{Moi) < 1. 

To be able to clearly define the problem, we will ask 
for well-defined initial and final states. Thus, initially 
we consider a particle on an unbound geodesic and suffi- 
ciently far away from the black hole. This is equivalent 
to really throwing in a particle from "infinity" 

Now, the only particles on unbound geodesies must be 
null [22l. In fact, it is not hard to show that the geodesic 
equations yield 



2EJl'^ - A£^LM + ALR^ 
2ER^ - JL 



(31) 

i?2 ^ -eN^ + E^ - L^/e^ + R-^{L^M - JEL) ,(33) 

where dots denote proper time derivatives and e = 1,0 
for timelike or null geodesies, respectively. In these equa- 
tions the lapse should be viewed as a function of R in- 
stead of r. 

The radial Eq. can be integrated directly, and it 
is easy to see that massive particles in the BTZ geome- 
try are always on bound orbits and are always captured 



^ It is not clear to us how to have a well understood initial state 
when the point particle is on a bound geodesic, i.e., how to define 
the "black hole" and "the particle" in such a situation. 
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by the black hole [2l|, |22|. An inspection of the radial 
Eq. ([55]) shows that for the particle to be on an unbound 
orbit, it must be null and satisfy the requirement [22j | 



(34) 



Now, upon absorption of a particle, the dimensionless 
spin of a BTZ black hole becomes 



J 



J _ Jo+mpL _ jo + qmpE/Mo 
Ml ^ £(Mo + Too S) ^ 1 + moE/Ma 



(35) 



Clearly, jo,q < 1 implies j < 1 , with the equality be- 
ing satisfied in the extremal limit if and only if L = Ei. 
Thus, a BTZ black hole cannot be spun- up past extremal- 
ity. Unlike in previous studies d, , the above deriva- 
tion is quite general and does not rely explicitly on an 
expansion around moE = 0, i.e., the point particle limit 
(though it is assumed that the particle follows a geodesic, 
as imposed by the requirement of consistency of the lin- 
earized perturbations) . 



A. The massive case 

Our argument above for considering only null particles 
relies on the fact that having a well defined initial state 
requires the particle to be sent from infinity. However, 
one could argue that in the limit that toq — 0, one should 
be allowed to describe a system in terms of a black hole 
plus a point particle, since the back-reaction on the ge- 
ometry tends to zero in this limit. We now show that in 
this regime massive particles cannot over-spin the black 
hole. The condition that the geodesic is future-directed, 
T > 0, constrains the angular momentum to satisfy (see 
Eqs. (1221)) ERl^ - i Ji > outside the event horizon. At 
the horizon, this condition implies that 



— < — t 
E - J 



(36) 



For an extreme black hole this yiels L/E < £. Upon 
absorption of a particle, the dimensionless spin of the 
BTZ black hole is 



TOo-E 



(37) 



Notice an important difference with respect to the 
null particle calculation; we are now Taylor-expanding 
around jo, because we are only allowed to work in the 
regime toq — > 0. For jo = 1, taking relation (1361) into 
account yields j < 1. Thus, a BTZ black hole cannot be 
spun-up past extremality. 



V. CONCLUSIONS 

We have shown how to read off the physical energy and 
angular momentum of point particles falling into a BTZ 



black hole. The results of our calculation and general- 
izations thereof are interesting for a number of processes 
taking place in the vicinities of asymptotically anti-de 
Sitter black holes. We have studied a particular attempt 
at violating the weak version of the Cosmic Censorship 
Conjecture, an attempt at overspinning the BTZ black 
hole by throwing point particles into it. We argued that 
for well-defined initial conditions, BTZ black holes cannot 
be spun up past extremality, thus verifying the wCCC in 
the non-trivial case of asymptotic AdS spacetimes. 

The technical problem we have tackled, namely the 
analysis of gravitational perturbations of rotating black 
holes, naturally led us to consider black holes in (2 -I- 1) 
dimensions. In this lower-dimensional case we can take 
advantage of the existing amount of symmetry of the 
problem to completely solve for the perturbation. Never- 
theless, there is a bonus: in three spacetime dimensions 
there are no gravitational-wave degrees of freedom and 
so back-reaction effects are suppressed relatively to the 
four-dimensional, asymptotically flat case [1, |^ . There- 
fore, gravitational radiation could not have been evoked 
to prevent overspinning (if it were possible) and our re- 
sults should be the end of the story. It would be highly 
desirable to extend this study to generic asymptotically 
AdSu geometries, even though the path followed here 
may not have a simple generalization. 
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APPENDIX: GAUGE TRANSFORMATIONS 

Under rotations around the origin, the six components 
of the perturbation tensor transform like three scalars, 
namely hu, htr and hm one vector {httf,,hr^) and one 
second-order tensor h^^. The scalars can be decomposed 
into their Fourier modes (labeled by n). To preserve the 
U{1) symmetry of the background geometry we will con- 
sider a perturbation by a circular homogeneous distri- 
bution of test particles. Thus, only the 0-zero-modes 
survive. 

For the "vector" components there are only two quan- 
tities in the problem with the right transformation prop- 
erties: a constant vector times S^e*""^; and {gtip,gr(p)- 
Since by construction we pick only the n = modes, the 
first candidate vanishes. From ^ we then have href, — 
automatically. 

Under an infinitesimal coordinate transformation. 
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— > a;^ — i^^, the metric perturbation transforms as 

h,. h'/fj" = V + ■ (38) 

In order not to spoil the rotational invariance we wish to 
consider only gauge transformations that do not depend 
on the angle (f). Thus, 

hf^ ^h^^ + rN^ir. (39) 

First we make a gauge transformation of the form 
^(,1) = (0,Cr,0). With the choice £.r{t,r) = ~h^^/rN^ 
we set h'^^ = 0. This transformation preserves /i^^ — 0. 

Next, consider a coordinate transformation imple- 

mented by CtT' = (6,0,^0). This preserves h^^ = 0. 
To keep hnj, = as well, we need 

?*=^^^^ + ^^^(&)- (40) 
To eliminate the component htr we must have 

htr + \dr^t-^,{^t-N'^^^)=Q. (41) 

Replacing by we obtain 



for which the solution is 

= ;|^'**'-'^^) • (43) 

Thus, the gauge transformation described by ^^^-^ with 
and given respectively by (|43|) and (|40l) effectively sets 

"tr — 'V0 — 

In accordance with the above considerations, we choose 
to work in a gauge such that the metric perturbation 
takes the form ([T3|) . 

At this point note that there is a further residual gauge 
freedom: one can still make a coordinate transformation 
of the form s}^'^ = ($[°", 0, ^J'^") with 

cr = /i(*)+^'/2(o, 

ir = (m - ^) h{t) - |/2(0 . (44) 

This leaves the components ht^, h^r, and h^^ un- 
altered, while the remaining components and the trace 
change as 

h-'^-^h-^m. (45) 

Therefore, we can use the residual gauge transformations 
to eliminate a function of time only from the trace of the 
metric perturbation and to eliminate terms of the form 
Fi{t) + r^F2{t) from htt and htc/,. In Sec. IIIII we exploit 
this residual gauge freedom when solving the linearized 
perturbation equations. 
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